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Phase refinement based on minimization of C = I;h.klEhEkE_h_kl[1 -- COS(tph + q~k + ~0-h-k)] 2 has been 
tested on several known structures (space group P2~) containing elements of pseudo-centrosymmetry. C 
always has a maximum for a consistent centric phase set provided that some invariants have a phase of 
180 °. Thus C will have a minimum for a noncentric phase set, and the phases do not turn centric during the 
refinement as often is the case when the ordinary tangent formula is applied. The hydrochloride of the insect 
alkaloid adaline (space group P2~), whose cell constants and hitherto unpublished atomic positions are given, 
is one of the examples upon which the destruction of centrosymmetry is demonstrated. The destruction 
of centrosymmetry was indicated by the largest maximum of a one-dimensional modified F 2 synthesis along 
the unique axis. 

Introduction 

A non-centrosymmetric structure containing a centro- 
symmetric arrangement of atoms in the unit cell, such 
as one or two Br atoms among several C and O atoms, 
represents a problem of pseudo-centrosymmetry. It is a 
common experience that the tangent formula has 
difficulties in refining phases of such structures, 
especially if there are no reflexions with phase restric- 
tions, and it often ends up with centric phases even if 
the refinement starts with known phases. Normally the 
centrosymmetry is broken by the extraction of a part of 
the structure from the Fourier map based for instance 
on centric heavy-atom phases. The full structure is then 
obtained by successive Fourier synthesis. This process 
is automatically carried out in the phase-correction 

method (Hoppe & Gassman, 1968). Karle & Karle 
(1969) showed how the difficulties with the tangent 
formula were met in the structure solution of an 
alkaloid C31H3sNO6Br, in space group P2~2~21 with Br 
at x,0,0. Keeping phases computed from the bromo- 
benzoate group fixed, phases for additional reflexions 
were obtained by the tangent formula. The E map com- 
puted from these phases was claimed to be better re- 
solved than that based on bromobenzoate phases alone. 
Busetta (1976) tested a modification of the tangent 
formula to meet this problem with alborixin, 
C48Hs40~4K (space group P2~; Z = 2) for which two 
thirds of the 406 phases with I EI > 1.60 differed by 
less than 30 ° from the most similar centric solution. 
This article will describe an alternative method to solve 
such problems. 
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Phase refinement 

The tangent formula, which is normally used for phase 
refinement with direct methods, implies (Lesk, 1976) 
the minimization of 

G = -  ~ Ph, k COS Yh, k (1) 
h,k 

where Ph,k = IEhEkE-h-kl and Yh,k = ~h + ~k + ~0-h-k" 
The same results are of course obtained by minimiza- 
tion of 

S = ~ eh,  k sin(Yh, k/2) 2 
h,k 

since S = (7/2 + constant. The conditions for extrema 
of G are given by the equation set 

G'h = ~G/~Oh = ~ Ph, k sin Yh, k = 0, (2) 
k 

which can be rearranged to the tangent formula by 
standard trigonometry. Both ¢h = 0 and 180 o are solu- 
tions of (2) but only that solution for which 

Gg = ~ Ph, k COS Yh, k > 0 (3) 
k 

gives a minimum of G, i.e. G or S, always has a mini- 
mum for a consistent centric phase set. The tangent 
formula is therefore not well suited to refine the phases 
of structures with strong features of pseudo-centro- 
symmetry, especially in cases where centric phase sets 
have to be turned into noncentric ones. Moreover, the 
value of S may even be higher for the correct phases 
than for the closest centric phases (Table 1). 

On the other hand, minimization of 

C = ~ eh, k (1 - cos Yh, k) 2 (4) 
h,k 

would be more suitable in case of pseudo-centrosym- 
metry, since C always has a maximum for a centric 
phase set provided that some Y's are 180 °. In order to 
prove this let us consider that all phases have centric 
values. Extrema of C are obtained from 

Crh = (~C/(~h = ~ Ph, k (2 sin Yh, k -- sin 2Yh, k) = 0 .  
k (5) 

Let us consider one equation in set (5) and write Ct~ and 
C~ as 

C~(¢) = 2A sin ~o - B sin 2 ~o = 0 (6) 
C~(~o) =2,4 cos ¢p - 2B cos 2~o. (7) 

Here 
B = ~ Ph, k and A = ~ Eh, k Ph, k 

k k 

(e = 1 if Y =  0 °, e = - 1  if Y =  180°). ThusA < B if at 
least one Y is 180 °. The two centric solutions of (6), 
¢p = 0 and 180 ° , give C~ = 2(A - B )  < 0, i.e. 
maxima of C. Division of (6) by sine results in 
cos ~ = A /B ,  which yields the two other solutions, ~ = 
a and --a, with C~' = 2(B 2 --A2)/B > O, i.e. minima of 
C. A large number of inconsistencies among the Y 
values gives a small value of A/B ,  i.e. a close to 90 or 
270 °. The centrosymmetry can then be broken and the 
enantiomer selected by assigning a phase of a to one 
reflexion which should preferentially have a small value 
of A and a large value of B. 

Set (5) also corresponds to extrema of 

C h - -  ~ Ph, k (1--COS Yh,k) 2 (8) 
k 

which is a special case of 

Qh- -  Z Wh,k (Ch, k--COS Yh,k) 2' (9) 
k 

where w is a statistical weight and c is an estimated or 
calculated value of the cosine invariant. The equation 
set (9) was given by Hauptman, Fisher, Hancock & 
Norton (1969) who used Qh for the least-squares 
refinement of structure invariants. Hauptman & Weeks 
(1972) used Qh in connexion with their modified 
tangent formula. 

Phase refinement by minimization of C has dis- 
advantages compared with the employment of the 
tangent formula. The phase, for instance, cannot be 
explicitly given by (5). Moreover, if C h has two minima 
the question arises whether one should choose the 
phase corresponding to the deepest minimum or some 
kind of weighted mean. In the author's experience, how- 
ever, the occurrence of two minima for C h is rare, 
except when the destruction of pseudo-centrosym- 
metry begins. 

Table 1. Evolution o f  the least-squares sums S (x 10 -2) and C (x 10 -2) during the minimization o f  C 

Values for cycle 0 correspond to a consistent centric phase set. 

Capnellenetriol The pregnadiene derivative Ascorbic acid 

Cycle S C Cycle S C Cycle S C 

0 38.8 74.4 0 19.0 38.9 0 22.9 45.9 
1 46.4 64.1 1 24.3 34.5 1 33.0 39.0 
2 42.2 44.6 2 26.6 27.0 2 33.9 32.7 
3 33.9 32.3 3 21.9 20.7 3 31.3 30-9 
4 31.8 27.8 5 32.9 29.9 
5 31.1 26.3 
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Location and estimation of pseudo-centrosymmetry 

The refinement of phases of a structure with pseudo- 
centrosymmetry may consist of the conversion of a 
centric phase set into a noncentric one. It would then be 
of interest to estimate and locate the pseudo-centro- 
symmetry during the cycles of refinement. Pseudo- 
centres can be located by the maxima of an F 2 syn- 
thesis (Patterson, 1949): 

X ( u ) =  1/V Z F~exp (-2n/h.u) .  
h 

X(u) is a measure of the extent to which the electron 
density approximates to centrosymmetry about a point 
at ½u. The peaks of X(u) are positioned at u = rj + r k 
with a height of ~ ' f f k ,  where m is the number of 
atoms related by a centre of symmetry at ½u. For 
instance, in space groups P2~ and C2 atoms related by 
a mirror plane and atoms lying in that plane, which is 
perpendicular to the unique axis, are related to their 
equivalent atoms by a centre of symmetry on the 
unique axis. Thus only the calculation of a one- 
dimensional F 2 synthesis is required in these two space 
groups. For this purpose it is convenient to modify 
X(u) into 

W(u)= ~. IEhI2CoS(2~h - 2z~h.u)/ ~ IEhl 2 (I0) 
h h 

where F has been substituted by Ifhl exp((ph), terms 
for h and - h  combined, and X(u) divided by a 
constant. The largest maximum of IV, Wmax, will then be 
unity for a centrosymmetric structure. Wma x must be 
small for the correct phase solution of an equal-atom 
structure which does not contain a centrosymmetric 
arrangement of a part of the structure. 

Applications 

The starting set for phase expansion was generated 
by the convergence procedure (Germain, Main & 
Woolfson, 1971) using a h = I~kEhEkE_h_k l  2 as 
the elimination criterion. Closest centric values of the 
correct phases were used as known phases in the 
starting set. The correct phases (given in parentheses 
later in the text) correspond to an origin position 
coinciding with the largest maximum of W (the pub- 
lished coordinates may be related to a different origin). 

Capnellenetriol 

The asymmetric unit contains two molecules of the 
triol (C15H2403) and one water molecule. The phase 
expansion was done according to the_convergence map 
from a starting set consisting of 364 (20°), 3,10, 4 
(352°), 127 (322°), 4,14,6 (185°), 450 (0°), 2,17,2 
(190 °) and 12,11,3 (39°). The first inconsistency 
appeared when 28 phases had been determined with 
centric values. 252 consistent centric phases had an 
average phase error of 42 °. The enantiomer was deter- 
mined by 2,13,2 009  o) which was given the phase 96 o 
The minimization of C resulted in an average phase 
error of 12°. 

14Zma X is only 0.19 and corresponds to a pseudo- 
centre at z = 0.18 which relates nine atoms and their 
equivalent atoms within 0.55 A. The second larger 
maximum (I4" = 0.16) corresponds to seven atoms at z 
~_0.83. 

The value of lyres x is small (all the other structures 
given as examples have 14"ma x > 0.51). The method 
could hardly have been expected to work in this case. 
The average angular deviation from centric phases was 
39 ° for all general E's but only 28 ° for the 27 first 
determined general phases. Moreover, it was impossible 
to expand the base set given any combination of 
phases, into a correct phase set by the tangent formula. 

The minimization of C by the equation set (5) has been 
successfully tested on five known structures (all in 
space group P21): A9(12)-capnellene-3fl,8fl, lOa-triol 
(Karlsson, 1977), 3,20-bis(ethylenedioxy)pregna-5,7- 
diene (Braun, Hornstra, Knobler, Rutten & Romers, 
1973), ascorbic acid (Hvoslef, 1968), adaline hydro- 
chloride (Tursch et al., 1973), convergine hydro- 
chloride (Tursch et al., 1974), given as examples. 

The phase solution proceeded as follows. A consis- 
tent centric phase set was first expanded from a centric 
starting set. One of the general reflexions was then 
given a noncentric phase to select the enantiomer and 
break the centrosymmetry according to the criteria 
mentioned earlier. Minimization of C could now start 
with one phase noncentric and the rest centric. The 
evolution of the least-squares sums S and C during the 
refinement is given in Table 1. Note that S can be 
smaller for the centric phase set (cycle 0) than for the 
correct noncentric one. 

Ascorbic acid (C6HsO6) 

The asymmetric unit contains two molecules. Wma X 
is 0.84, and 15 of the 24 C and O atoms have approxi- 
mately the same y coordinate_(b unique). Reflexions 15, 
3,2 (4°), 17,1,2 (175°), 14,1,4 (175°), 356 (191°), 923 
(197°), 10,2,1 (193 °) and 11,3,2 (189 °) were used for 
the phase expansion. Reflexion 7,2,2 (54 °) was given 
the phase 74 ° to select the enantiomer. 

2~2N~" C[- 13 
3 %1 

6 
Fig. I. Adaline hydrochloride, absolute configuration. 
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The pregnadiene derivative 

The plane of the molecule (C25H3604) is almost 
perpendicular to the unique b axis (6.02 A), so that 12 
of the 29 C and O atoms have almost the same y co- 
ordinate. Wma x is 0.59. The average deviation from 
centrosymmetry is 26 ° for the general phases among 
200 E values larger than 1.52. The initial reflexions 
were 6,3,12 (187°), 7,0,12 (0°), 2,0,10 (0°), 3,1,10 
(176°), 11,1,5 (5°), 2,3,10 (16°), 2 , 2 , ~  (177°), 2,3,i-1 
(188 °) and 9,0,1-i (0°). Reflexion 645 (325 °) was given 
the value 270 ° to select the enantiomer. 

A daline hydrochloride 

The salt, C~3H2aNO.HC1 (Fig. 1), crystallizes in 
space group P2~ with a -- 11.19, b = 8.905, c = 7.603 
A, ~, = 109.98 ° and Z = 2. The structure was solved 
by the heavy-atom method and refined anisotropically 
to R = 0.07. Atomic positions are given in Table 2. 
Atoms C(10) and C(10)* were refined with an 
occupancy factor of 0.5 each, which is probably due to 
a disordered hydrocarbon tail as evidenced by large 
temperature factors for atoms C(9) to C(13). The 
C(10)* atom is connected to C(9) but not to C(10). The 
general phases among l l 0  E values with IEI > 1.60 
had an average deviation of 20 ° from centric values. 
The straightforward minimization of C gave Wma x = 
0.79, C = 353, S - 650 (S was 428 in the consistent 
centric solution) and an average phase error of 13 °. 
The collection of real peaks and their mirror-related 
spurious counterparts in the E map shows centrosym- 
metric features (Table 2). There was another more con- 

sistent but false solution with C = 320, S = 296 and 
Wma x = 0.30, a rather low value. 

Convergine hydrochloride 

The salt, C13H23NO.HCI , has the C1 ion at y = 
0.5800 (b unique), atoms C(1), C(9a), N, C(6a), C(6) 
at y ~_ 0.65, atoms C(2), C(3), C(3a), C(4), C(5), 
C(10) a t y  ~ 0 .47 ,a toms C(7), C(8), C(9) a t y  _ 0.53 
and the O atom at y = 0.7681. The above y values cor- 
respond to pseudo-centres at y = 0.33, 0-40, 0.22, 
0.3 8, 0.518 with W(y) maxima of 0.40, 0.51, 0.17, 
0.12 and 0.03 respectively. The calculation was based 
on known phases for 110 E values with IEI > 1.60. 
The pseudo-centre at the largest maximum also relates 
the O atom to the equivalent of C(3a), since these 
atoms have almost the same x and z coordinates. The 
minimization of C with (5), starting from the centric 
phase set which was related to Wmax, was straight- 
forward and gave C = 265. It was also possible to solve 
the structure from CI phases, although the C1 position 
is related to the second largest maximum of W. The 80 
best determined C1 phases were expanded to a con- 
sistent centric phase set, and reflexion 434 was chosen 
to select the enantiomer. The refinement gave C = 711, 
a larger value than before, but the E map clearly 
showed the structure almost without mirror symmetry. 
The maximum of W at y = 0.40 gradually became 
larger than that related to the C1 ion during the refine- 
ment with (5). 
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